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. Give an example of a bounded sequence which is not a cauchy sequence
and prove your claim. 1]

. Let g : (0,1] — R be the continuous function given by g(x) = sin ().
Let f :[0,1] — R be any function such that f(x) = g(z) for all x in
(0,1]. Show that f can not be continuous. 2]

. Let f:]0,1] — R be given by f(z) = z if x is rational and 1 — z if
is irrational. Show that f is continuous at % . 2]

. Give an example of a continuous function f : (0,1] — R which is not
bounded above. [1]

. Let I D I, D --- be a sequence of closed intervals with length I, — 0
as r — oo. If z;,€ I; then show that the sequence {z1, z2, 3, }
is a cauchy sequence. 2]

. (a) Let a, > 0,Y a2 < oo, > 3. Then shwo that 21: 9 exists.  [2]

(b) Let B > 1. Show that 3_ b, < oo where b, = Y"1V, [2]

. (a) Show that f : R — R given by f(z) = z? is not uniformly
continuous. 2]

(b) Give an example of uniformly continuous functions ¢, go such that
the product g; g2 is not uniformly continuous and prove your claim.[1]

(c) Let g : J — R be uniformly continuous.Show that if x, z5, -+ is
a cauchy sequence in J, then g(z1),--- is a cauchy sequence. 2]

(d) Let k : J — R be a continuous, differentiable function and the
derivative be bounded and continuous. Show that £ is uniformly con-
tinuous. Here J is a bounded or unbounded interval. 2]
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. If a1, as,--- is a sequence of reals with > |a,| < oo, then > a, ex-
ists.

. Let ay, a9, a3, --- be a sequence of reals. s, = a; +as+as+.....a,. As-
sume that the sequence ss, is convergent. Then »° a,, exists & a, —
0 as r — o0. 2]
Let f : [0,1] — [0, 00) be any function assume that there exists M > 0
such that for all subsets {xy, za, - , x4} of [0,1], one has
fz) + f(xe) + -+ f(zx) < M. Show that
G ={x: f(z) # 0} is a countable set. 2]

Let g : [0,1] — R be any continous function with g(0) < 0 < g(1).
Show that g assumes the value 0. 3]

Let f : [a,b] — R be continuous, differentiable and f’ be continuous.
: f)—f(x) -
Show that 511m sup sup | === —f'(z)| =0 2]

—0 a <2z <b0<t—zx| <6

Let a and b be real numbers. If the series (a+b)+ (a+2b)+(a+3b)+- - -
is convergent, then show that b = 0 and a = 0. 2]

Let A, B be bounded subsets of [0,00). Let C = {ab:a € A, b € B}.
Let + = sup A,y = sup B,z = supC. Note that x need not be in A
and y need not be in B. Show that z = zy. 2]

(a) Let ay,as,--- be a sequence with a; > 0. Let ) a; be convergent
1

let ny < ny < ng < --- be increasing sequence of natural numbers let

bj = an, ---. Show that  b; is convergent. 2]

(b) Give an example of a real sequence 1,3, -+ and a subsequence
Tpy, Tpy -+ such that ) x; is convergent and ) x,, is not convergent
prove your claim.

Define f : [0,1] — R by f(z) = z* sin(xic), where ¢ > 0 and a > 0 for
x>0, f(0) =0.

(i) If f is continuous at 0, show that a > 0. 2]
Let ay,ag,- -+ be a sequence of reals with > a; convergent. Let n; <
Ng < mng < ---.

Put bl :a1+a2+"'+an17
b2 = Qpq+1 + Apq+2 + -+ Apy -
b3 = Opyt1 T+ Apgy2 + -0+ Ay, etc.

Show that the series by + by + - - - is convergent and converges to > a,.

2]



18. Show that any disjoint collection of bounded intervals each of positive
length is finite or countable.



